Computing the center of area of a convex polygon
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Abstract

The center of area of a planar convex set C' is the point p for which the minimum area cut
off from C' by any halfplane containing p is maximized. Properties of this point were studied
already long ago in classical geometry, but it is quite nontrivial to really determine this point
for a given convex set. We give an O(n?(logn)®a(n))-algorithm to compute the center of area
of a convex n-gon, which improves a previous O(n®(logn)?)-algorithm of Diaz and O’Rourke.

1 Introduction

The ‘center of area’ of a convex set X is the point p* for which the minimum over all lines through
p* of the area cut off from X is maximal. So p* is the point where the cut-off area function

Fp) = min{area(x Nh) | his a halfplane bounded by a line through p }

is maximal. This concept was studied already long ago [8, 5, 7]. It is a classical result of convex
geometry that any line (hyperplane) through the centroid of X will always cut off at least % of the
total area of X (generally ﬁ of the volume), which is worst case optimal, as can be seen by a
simplex. But there are sets X for which there is a point p different from the centroid ¢ such that
f(p) > f(c). On the other hand, the cut-off area can never be very big, it is always at most half the
total area (since the complement of each halfplane through p is also a halfplane through p), and it
is exactly half the area for each line through p if and only if the set X is centrally symmetric, with
center p. For this reason the ratio of the maximum of the cut-off area function to the total area of
X was proposed as measure of symmetry: % for centrally symmetric sets, % for the triangles, and
something in between for all other convex sets. This is ‘Winternitz’s measure of symmetry’ [4].

It is, however, quite nontrivial to actually determine that center of area point for a given convex
set X. Unlike the centroid, there is no obvious way to determine it, although the classical literature
already gave some balance conditions it has to satisfy. In a series of papers [1, 2, 3] Diaz and
O’Rourke gave algorithms for this problem and some related chord-center problems. They obtained
an O(n®(logn)?) algorithm to compute the center of area of a convex n-gon, which is impracticable,
not only because of its complexity, but also because it uses the construction of lower envelopes
of families of functions on two-dimensional domains. They also gave a ‘numerical’ approximate
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algorithm which determines the center of area with K bit precision, if the n vertices are given in
G bit precision, in O(GK(n + K)) time.

It is the aim of this paper to give an exact algorithm with a reasonable time bound, and that
does not need unimplementable algorithmic tools.

Theorem 1.1 The center of area of a convez n-gon can be determined in O (n?(logn)3a(n)) time.

Here a(n) is the inverse Ackermann function.

2 Geometric properties of the area function

The cut-off area function f(p) is defined over the convex polygon P. The upper level sets of the
cut-off area function f(p) are defined as I's = {p | f(p) > §}. The following properties of I's are
known ([3]):

1. The boundary of I, the level curve {p | f(p) = 0} is a simple, connected curve.

2. If 69 > 6; then I'y, is strictly contained in Ty, .

3. If f(p) = ¢ then each line L*(p) which minimizes the cut-off area for p supports T;.
4. T'5 is convex ([7]).

For the directed line L(p) through the point p we define C (L(p)) as the chord formed by the
intersection of the polygon with L(p). For a point p a directed line L*(p) which minimizes the area
cut off from the polygon by the closed halfplane bounded by, and to the left of, L*(p) is called a
min-line and the corresponding chord, a min-chord. It is known that if a line L(p) is a min-line,
then p is the midpoint of the chord C (L(p)). So if L(p) is a min-line through p, and it cuts the
boundary in the edges e; and e;, then p belongs to the set R; ; of midpoints of chords connecting
e; and e;. This set R;; is a parallelogram (Figure 2). And, unless e; and e; are parallel sides of
the polygon (in which case R;; degenerates to a line-segment), for each point p € R; ; there is a
unique directed line L which intersects first e; then e;, and has p as the midpoint of the chord
C(L). This line cuts off some area of the polygon P, which is the minimum area that can be cut
off from P by a line L(p) which intersects the sides e; and ej. This cut-off area is some function
defined on R; ; and the minimum cut-off area f(p), taken over all lines L(p), is the minimum over
those partial functions (depending on e; and e;) for which p € R; ;. But for each edge pair (e;, e;),
i # j, this function f(p;i,7) on R;; can explicitly be determined; they are quadratic functions in
the two coordinates of the point p, where the coefficients are constants determined by the edges
ei,e; of the polygon, as already used in [3]. This fact is illustrated by the example presented in
Figure 1. Consider the directed line L(p) whose corresponding chord has midpoint p and endpoints
on the edges e; and ej. The area cut off by the closed halfplane bounded by, and to the left of the
directed line L(p) is given by

f(p;i,5) =2 s1(p) - s2(p) - sin(B) — area(Asvw) + R(v, w)

where s1(p) and s(p) are the side lengths of the shaded parallelogram and are linear functions in
p = (z,y). R(v,w) is the area of the shaded piece of the polygon bounded by the segment vw
and f is the angle formed by the edges e; and e;. Thus, f (p;4,j) is a quadratic function in two
variables, which are the two coordinates of the point p = (z,y).
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Figure 1: Computing the area function f;(p) Figure 2: Domain of a function f;
Thus, we can determine a list of these area functions f;,] = 1,...,n(n—1) in O(n?) time, together

with their domains Dom(f;), where the domain of the partial function f; is the parallelogram R; ;
generated by the corresponding edge pair e;, e; and which is contained in the convex hull of this
generating edge pair (see Figure 2). The value of f(p) is then determined as the minimum among
those functions f; with p € Dom(f;):

f(p) = min{fi(p) | p € Dom(f;)}

It should be noted that one reason for the difficulty of the problem is that we cannot just drop the
condition p € Dom(f;); although we can evaluate the quadratic functions f; anywhere in the plane,
outside their region Dom(f;) they will not correspond to some area cut off by a halfplane. On the
boundary of P, e.g., most of these functions will give a negative value, which cannot be a valid
area. Figure 3 shows an example of such a minimization diagram, where each region is labelled by
the edge pair which generates the minimal quadratic function.
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Figure 3: Minimization diagram

Diaz and O’Rourke obtained in [3] an O(n®(logn)?) algorithm for the problem, by determining
all O(n*) regions formed by the intersection of the domains Dom(f;) and by constructing the lower
envelope of the functions f; over each of these regions of intersection.



3 Outline of the algorithm

Our algorithm proceeds in two phases:

e In the first we maintain a successively smaller search area which contains the maximum, the
center of area, and a superset of all functions f; whose domain intersects the search region.
This will finally result in a search region which is intersected only by the domains of O(n)
functions.

e In the second we will find the maximum over the remaining search region of the minimum of
the remaining partial functions.

In the following we will denote the partial functions whose domain possibly intersects the current
search region as relevant functions. The validity of this approach depends on our ability to maintain
and shrink the search region which is guaranteed to contain the maximum. In the beginning the
search region is the entire polygon. Then the reduction is based on:

Lemma 3.1 Let! be a line that intersects the current search region. Given a list of the r still rele-
vant functions, it is possible to decide on which side of | the mazimum lies in time O (A3(r)logr) =

O (r(logr)a(r)).

This orientation information reduces not only the search region, but also the set of relevant
functions. The domain of a function is always contained in the convex hull of the generating edge
pair; so if both generators lie on the wrong side of the separating line [, the domain of that partial
function cannot intersect the new search region.

By performing a binary search on such lines, it is simple to show:

Lemma 3.2 Given a verter v;, a list of the r still relevant functions and the current search re-
gion, we can find in time O (r(logr)(logn)a(r) + n) two consecutive vertices vjv;41 such that the
mazimum lies between v;v; and v;vj41.

We call this region the cone C(v;) of vertex v; (see Figure 4). The search region is then the
intersection of such cones. By proper choice of the sequence of the vertices v; from which we
construct the cones, we can reduce the number of relevant functions sufficiently fast:

Lemma 3.3 We can construct the cones for the Uertz'ges v; in such a sequence that after construct-
ing the i-th cone for i = 1,...,n there are only O(™-) relevant functions left, which can be also

listed in O("—:) time.

The first phase of the algorithm consists now of the n repetitions of the cone construction of Lemma
3.2, for the sequence of vertices given by Lemma 3.3, this takes a total time:

Zz:;o (”72 (log ”72) (logn) a (”72» _ 0 (¥ (logn)a(n) "

So after constructing the cones for all vertices in the proper sequence we have a search region,
which is the intersection of n such cones, thus at most a 2n-gon, and only a set of O(n) still relevant
functions left. It remains to find the point p* (the center of area) at which the maximum of the
lower envelope (pointwise minimum) of these partial function is reached, which is the second phase
of the algorithm.



It is known that there are at least three relevant functions f; that give that same value f(p*) =
min{ f;(p*) | i:p* € Dom(f;)} at that point; they correspond to three distinct lines through p* that
all cut off the same minimal area of the polygon [4]. So, the center of area p* is a vertex of the
lower envelope of the O(n) still relevant partial functions, and we could find it by just constructing
that lower envelope (which is expensive and not really implementable).

There is, however, a faster way. We first restrict the search region further, to make all still
relevant partial functions into total functions on that restricted search region. For this we look at
each still relevant function f;; the domain of f; is bounded by 4 lines. We test for each line whether
it intersects the current search region (in O(n) time), and if it does, perform one orientation test by
Lemma 3.1. These at most 4 = O(1) lines cut the current search region into at most O(1) cells, and
by the orientation test we know which of these cells contains the center of area p*. We restrict the
search region to that cell (adding at most 4 further sides), and, if the cell is not a part of Dom(f;),
remove f; from the relevant functions. This further reduction takes a total of O(n?(logn)a(n))
time, and results in a search region which is still an O(n)-gon, and a set of O(n) still relevant
functions, and for each still relevant function the search region is contained in its domain.

We now want to decide for each of the still relevant functions whether it is possible for them to be
among the at least three functions for which equality holds in the center of area: f;(p*) = f(p*). We
do this by a process of pairwise comparison, in which we can always exclude one of a tested pair of
functions, unless we have already found the global maximum. This does not further decrease the set
of relevant functions; we are now constructing a new subset of equality-candidate functions, which
starts out as the set of all relevant functions and decreases by the pairwise comparison process.

If f;, f; are two still relevant functions, then the set {p | fi(p) = f;(p)} defines a quadratic curve
in the plane, and on the one side of it f; > f;, and on the other side f; < f;, so if we know on
which side of the curve the point p* (center of area) is, either f; or f; will be excluded from the set
of equality-candidate functions.

Lemma 3.4 Given a search region which is an O(n)-gon, a list of O(n) relevant functions which
are defined on the search region, and a quadratic curve 7y, we can decide in time o (n(log n)2) on
which side of v the point p* lies, or whether it lies on ~y.

So by at most O(n) such pairwise comparison tests, we can reduce the set to three equality-candidate
functions, or find the center of area p* already on the way. This takes o (n2(log n)2), so the total
complexity of our algorithm is O (n?(log n)®a(n)), as claimed in the theorem.

4 Details of the algorithm

Proof of Lemma 3.1: Each of the r relevant partial functions is a quadratic function in two
variables; so its restriction to the line [ is a quadratic function of one variable, and we can compute
its coefficients in O(1) time per function just by inserting a fixed linear parametrization [(¢) of [ into
the definition of the two-dimensional function. Also the domain of each of these partial functions is
some convex two-dimensional domain, a parallelogram, so the intersection of the domain with the
line [ is a segment, which we can find in O(1) time. So the restriction of each relevant function to
the line [, in the parametrization [(t), is a quadratic function on an interval, and we can determine
these 7 one-dimensional partial functions in time O(r).

Since they are quadratic functions, any two of them intersect in at most two points, so by [6] p.137
it is possible to construct the lower envelope (pointwise minimum) in O(r log(r)a(r)) time. We can
find the maximum of this lower envelope function by going once through all the A4(r) = O (r . 2a(r))
intervals.



This maximum is either unique, or reached on an interval, since the upper level sets {p | f(p) > A}
of the two-dimensional area function f are known to be convex sets. Let pmax € I be a point in
which that maximum of f over [ is reached. Since f cannot be constant over an open set, the point
Pmax € [ is a boundary point of the (convex) level curve {p | f(p) = f(Pmax)}, and the line [ is a
tangent to that level curve. We only have to decide on which side of [ that level curve lies, since
its convex hull (the upper level set {p | f(p) > f(Pmax)}) contains the global maximum.

For this we determine (going once through the list of relevant functions) the set I= = {i |
Pmax € Dom(f;) and f;(Pmax) = f(Pmax)} of functions touching the lower envelope in pmax. For a
sufficiently small € > 0, f is in an e-environment of ppy,x just the minimum of these functions. For
each of these functions we determine the quadratic curve {p | fi(p) = f(Pmax)} (which contains
Pmax), and compute the tangent t; to that curve in ppmax. By the gradient of f; we can orient
that tangent to a half-plane h; so that for all v there is an € such that if pmax + €v is in the
interior of A, then f;(Pmax + €v) < f(Pmax) < fi(Pmax — €v) (so on the h; -side of ¢; the function
fi locally decreases, and on the other side locally increases). Now, the line [ must be contained in
the union (J;c;= h; of these halfspaces, since otherwise the function f = min;cr= f; (locally, in an
g-environment of ppax) would increase in one direction along the line.

But if the line [ is contained in a union of closed halfplanes, then at most one halfplane bounded
by [ still contains points not covered by that union of closed halfplanes. But the level set {p | f(p) >
f(Pmax)} is not contained in the interior of any of these halfplanes. If the halfplanes together cover
the whole plane, then we have already found the global maximum; otherwise the maximum is
on that side of [ where there are still uncovered points. We can find that side in O(r) time by
computing for each h; the angular interval around pmax covered by that halfplane; the union of
such angular intervals is again an interval (since each interval has length ), so it is easy to compute
the union of all these intervals and check whether there are still uncovered directions.

O

Proof of Lemma 3.2: The current search region S is the intersection of cones, thus at most a
2n-gon. The tangent rays to S starting in v; touches S either in a vertex or an edge and can be
determined in time O(n). We consider the region 7 which contains the maximum and is bounded
by the two rays. The edges of the polygon intersecting 7 and the vertices of the polygon contained
in 7 can be found in O(n) time. For all these vertices w € T the line v;w intersects the current
search region S, thus Lemma 3.1 can be used. If there are at least two vertices with w € T we
use binary search to find in time O (r(logr)(logn)a(r)) two consecutive vertices vjv;41 among
them such that the maximum lies between v;v; and v;v;41. Otherwise there is either only one
edge intersecting 7 which is then the one e(v;) = (vj,vj41) we looked for, or there are two edges
intersecting 7 and the relevant one can be found by one use of Lemma 3.1.

O

Proof of Lemma 3.3: For a vertex v the cone C(v) is the triangle vw;w;;1 which contains the
center of area and e(v) := w;wj1; is the edge corresponding to the cone C(v) (see Figure 4).

The first cone C(v1), where v is some vertex of the polygon, dissects the polygon in two polygonal
chains Ly and Lg, such that L; and Ly cover the boundary of P and have exactly one edge, e(v1),
in common. W.Lo.g. |L1| > |Lg|, where the length |L| of a polygonal chain L is the number of its
edges. Clearly, all functions which are now relevant correspond to an edge-pair (e, €') € Ly x Ly since
parallelograms, the domains of the functions f; which contain the center of area have to intersect
the cone C'(v). We call the pair (L1, L) a relevant chain-pair. The number of relevant functions

after the construction of C(v1) is bounded by 2-|L1|-|L2| and since zy < %, Vz,y € R we get
2
2+ |Ly|-|Lo| < @ Now, another cone C'(w) has either the apex w € L; and the edge e(w) € Ly
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Figure 4: Cone C(v1) and chain-pair (L, Ls) Figure 5: Dissection of chain-pair (L1, Lo)

or the apex w € Lo and the edge e(w) € L1, with other words the cone C(w) is contained in the
region between Ly and L. This fact is based on the observation that C(w) contains the center of
area as well, thus has to intersect the cone C(v). The cone C(w) dissects the chain-pair (L1, Ly) in
two chain-pairs (X1, Y1) and (X2,Y3) as illustrated in Figure 5. After i iterations ¢ cones have been
determined and there is a set C; of i relevant left chain-pairs. In the (i 4+ 1)-st iteration a relevant
chain-pair (X,Y") from C; will be split into and replaced by two new relevant chain-pairs (Xi,Y7)
and (X9,Y5), such that X; and X5 form a partition of X, and ¥; and Y5 cover exactly Y and have
exactly one edge in common, which is the edge of the cone computed in the (i + 1)-st iteration (see
Figure 6).

The order vi,vo,...,v, in which the nodes are processed for cone-computation is chosen as
follows:

first part : all vertices of the chain L, are chosen iteratively such that after the 2*-th
iteration there are 2% (almost) equal chains which partition L; and the next 2* chosen
vertices are iteratively halving those 2% chains. A chain of length z is halved such that
the two partitioning smaller chains have lengths [$] and | %], respectively.

second part : all vertices w of the chain Lg are chosen in some order and the cones C(w)
are determined.

Analysis of the first part

Let T'(¢) be the number of relevant functions left after the ith iteration. It equals twice the sum
of the sizes of all relevant chain-pairs of C;:

T() =2- ) |L-|L]

(L,L")ec;

Now consider the iteration i > 1 and let k be such that k = max{l | 2! < 4}. It is easy to prove by
induction that after each iteration ¢ all cones which haven’t been computed yet are contained in
the region of exactly one chain-pair of C;. Let (X,Y) with |X| = z and |Y| = y be the chain-pair



Figure 6: Cone dissection of a relevant chain-pair

which is dissected in the ith iteration. The vertex v; € L is chosen such that it divides the chain
X in two chains X7 and X3 of lengths z1 = [5] and z2 = |5, respectively. The cone C(v;) is
determined and it divides the chain Y into two chains Y; and Y2 such that Y1 NYs = {e(v;)} as
shown in Figure 6. Obviously, all other cones which are contained in the region of (X,Y") either
are contained in the region of (X7, Y1) or are contained in the region of (X2, Ys), since they contain
the center of area and therefore have to intersect the cone C(v;). Now,

T = > (2-1Z-1L]) + 2-1X1|- [Yi] + 2-|Xo|- |Ye|

(L,L"ec; 4
(L, LN#A(X,Y)

Using y = y1 + y2 — 1 it can be easily verified that :

T T
Xl -+ Xl el = [5]-m-D+ 5] Ge-D e
1 X|-Y X|+|Y|-1

This implies

T(2) < > (P L+ =)
(LiL’)EC2k
T(2F
< T8y > -y
(L,L")EC,y,

Since all chains L with (L, L') € Co partition chain Ly we have -7 1yec  [L| = |L1|. The chains
) 2

L' with (L, L") € Cyx have pairwise at most an edge in common and cover exactly the chain Lo. It

is easy to see that

o] < Ly 42k -1
(L,L")ECyy

Since |Cyr| = 2% and |L1| + |L2| = n + 1 we get



T(2%) T(2F) T(1) 1 1
T(2k+1) < (L4l = = Fntl < 4D (1454 g
(n+1)2
< W+2n+2

since T'(1) < (";1)2. Because of T'(i) < T(2%) we get

1)2 1)?
T@) < %+2n+2 < W+2n+2, i=1,...,|L|

Analysis of the second part

After the cones of the first part have been constructed each relevant chain-pair is of the form (e, L)
where e is an edge of L;. Thus, all cones C(v;) with v; € Ly which are to be determined in the
second phase have the corresponding edge e(v;) = e such that v; € L and (e, L) is a relevant chain-
pair left after the end of the first part. The number of relevant functions remains 7' (|L1|) = O(n):

(n+1)° g < D’

T(Z) = T(|L1|) < ﬁ %

+2n+2 = O(n), i=|Li|+1,....n

a

Proof of Lemma 3.4: The technique is the same as in Lemma 3.1: we choose a simple
parametrization of that curve, determine the restrictions of all relevant functions to this curve
in terms of this parametrization, construct the lower envelope of this family of one-dimensional
functions of constant degree in o (n(logn)?) time [6], choose any global maximum of this lower
envelope, and find on which side of this curve the function f locally increases in this point.

There is, however, one additional difficulty by the fact that our quadratic curve, unlike the
straight line in Lemma 3.1, may enter and leave the search region O(n)-gon up to O(n) times, and
we do not have any information on the behavior of the functions outside the search region, so there
might be more relevant functions out there. We avoid this by increasing the family of relevant
functions by one function for each edge of the search region, which is defined as 0 on the halfplane
bounded by that edge not containing the final search region, and undefined else. For this extended
set of (still O(n)) functions we have that the lower envelope on the search region agrees with the
original lower envelope, and is 0 outside. This is smaller than all originally occurring function
values, so the maximum, and all nontrivial level sets, do not change. Also the original functions
can be extended to functions on the whole plane without changing the lower envelope, so they
are defined on the whole quadratic curve . And the additional half-plane functions, restricted to
7, each contribute only one interval on which the restricted function is constant (0), and we can
join overlapping intervals in O(nlogn) time. Thus, we have indeed reduced it to a family of O(n)
functions, any two of them intersecting at most four times, as needed for the construction of the
lower envelope. If the maximum of the lower envelope is 0, the curve v does not intersect the search
region, so we have to decide only for one arbitrary point of the search region, on which side of =y it
lies; otherwise we can choose an arbitrary maximal point and decide for it, on which side of it the
function f locally increases, as in Lemma 3.1.

O



5 Final Remarks

We gave in this paper an O(n?(logn)3a(n))-algorithm to compute the center of area of a convex n-
gon, a problem, for which previously only an O(n°(log n)?)-algorithm by Diaz and O’Rourke [3] was
known. Our algorithm is based on some simple geometric properties of the cut-off area function: the
convexity of its level sets, and its being the pointwise minimum of a set of O(n?) partial functions
which can easily be determined explicitly, and whose domain of definition have a simple structure.
We do not use complicated algorithmic techniques, the most demanding step being the construction
of one-dimensional lower envelopes along one-dimensional cuts; so the algorithm should be well-
implementable. We did not make an attempt to get the best exponent of the logarithmic factor,
probably a slight further gain would be possible by a better balancing of the first and second phase;
but with any algorithm that starts by constructing the partial functions we cannot do better than
Q(n?).
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