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ABSTRACT

We present an algorithm for solving the nearest neighbor
problem with respect to Leo-distance. It requires no pre-
processing and storage only for the point set P. Its average
runtime assuming that the set P of n points is drawn ran-
domly from the unit cube [0, 1]¢ under uniform distribution
is essentially ©(nd/In n) thereby improving the brute-force
method by a factor of ©(1/In n). Several generalizations
of the method are also presented, in particular to other
”well-behaved” probability distributions and to the impor-
tant problem of finding the k£ nearest neighbors to a query
point.

1. INTRODUCTION

The nearest-neighbor problem is the problem of construct-
ing an efficient data structure storing a set P of n points
in R? for answering nearest neighbor queries. In a near-
est neighbor query some point ¢ € R? is specified and the
(some) point in P closest to ¢ has to be determined.

The nearest neighbor problem apparently is a very natu-
ral geometric problem and it has numerous applications in
e.g. statistics and data analysis [4] information retrieval [15],
data compression [8], pattern recognition [7], and multime-
dia databases [14].

Various data structures for nearest neighbors have been
developed in computational geometry, early ones by Dobkin
and Lipton [6] and by Clarkson [3] based on higher-dimensio-
nal Voronoi-diagrams. However, although these data struc-
tures have query times logarithmic in n, it was assumed that
the dimension d is a (low) constant and, in fact, the prepro-
cessing time, the storage, or the query time are exponential
in d. Only a structure by Meiser [13], more generally for
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point location in an arrangement of hyperplanes, has query
time O(d® log n) but storage O(n®*e).

In many applications, however, dimension d of the search
space is quite high and can reach several hundreds or even
several thousands. Therefore, running times and storage re-
quirements exponential in d are prohibitive in these cases.
All query algorithms are in fact competing with the brute-
force method of just determining the distance of g to each
point in P and selecting the minimum. This method obvi-
ously requires no preprocessing, only the set P itself needs to
be stored, and the query time is O(nd) for all L,-distances,
1<p< oo

In order to overcome the “curse of dimensionality” re-
searchers looked for c-approzimate solutions for the near-
est neighbor problem, i.e. structures for efficiently find-
ing points that are possibly not the nearest neighbor to
the query point, but whose distance differs by at most a
factor ¢ from the minimal one. One of the early approxi-
mate solutions was given by Arya and Mount [1] which had
still an exponential dependence on the dimension where the
base depended on the quality of the approximation. The
problem was investigated intensely in the last years and a
real break-through was achieved by working with random-
ized techniques [11], [10], [12].

Finally,Indyk [9] presents a very sophisticated randomized
data structure for the approximate nearest neighbor prob-
lem where preprocessing time, storage, and query time have
no exponential dependence on the dimension any more.

In this paper we present an algorithm for solving the
nearest-neighbor problem with respect to the Loo-distance.
It has the advantage that it solves the problem ezactly and,
furthermore, is very simple. Therefore, it is easy to imple-
ment and has a small constant in the O-term of its asymp-
totic runtime. Like the brute-force method it requires no
preprocessing and also only the point set P itself is stored.
Its average runtime assuming that the set P is drawn ran-
domly from the unit cube [0, 1]¢ under uniform distribution
is essentially ©(nd/in n) thereby improving the brute-force
method by a factor of ©(1/In n).

At first glance, this may not look like a significant im-
provement. However, the constant in the ©-term is close to
one, and for many applications n is in the range of tens or
hundreds of thousands so the speed-up factor comes close to
10, which is a considerable improvement in practice. This
consideration is confirmed by the experimental comparison
of our method and the brute-force method in Section 5.

We will present several generalizations of our method. In
particular to other ”well-behaved” probability distributions



and to the important problem of finding the k nearest neigh-
bors to a query point.

2. THE ALGORITHM

Throughout this paper we will assume that the set P =
{p',...,p"} is a fixed set of n points p’ = (pt,...,p5) € R%.
Since we can translate and scale any given set P without
changing the problem we will assume without loss of gener-
ality that P C [0,1]%. For our probabilistic considerations
we assume first that P is drawn at random from [0, 1]¢ un-
der uniform distribution. A generalization to other ”well-
behaved” distributions is presented in Section 4.

The idea of the our algorithms is the following. For a
query ¢ = (q1,...,94) € [0,1]¢ consider the cube

Coa = [(Il— %,q1+%} X X [Qd_ %;Qd+%]
around q of side length « such that the expected number
of points in Cy,o is a low number ¢. Suitable values for o
and ¢ will be determined later. We scan the cube for the
points contained in it: for each point p® the algorithm scans
its coordinates p; As soon as a point p° € P turns out
not to lie in C¢, the algorithm eliminates it from further
consideration. The following gives a schematic description
of the procedure for scanning the cube Cy . The set P,
containing the points of the cube is returned as result.

SCAN_CUBE(a, q,P)

sz:@;
for i =1 to n do
J=1
while (j < d and |pi —q;| < &) (TESTS)
do j=j+1
ﬁ'(j::d+1)thﬁPaZPaU{pi};
return P, ;

If P, # () we determine the nearest neighbor of ¢ by the
brute-force method for the points of P,. There is a nonzero
probability that the cube Cy,, contains no points of P at
all. In this case, the brute-force method will be called for all
points of P. The parameter ¢ should be determined such
that the probability of this event is so small that it does
not effect the total asymptotic runtime. This search algo-
rithm will be called the cube-method. The following gives a
schematic description of this method.

CUBE_METHOD(q, P)

« = DETERMINE_LENGTH(yp, q);
P, = SCAN_CUBE(q, g, P);
if(Pa#0)

D = BRUTE_FORCE(FP,);
else

p = BRUTE_FORCE(P); (BRUTE)

Procedure DETERMINE_LENGTH determines the side length
a of a cube Cy,, with center ¢ such that the expected number
of points in P N Cy,« is . Details will be given later.

The SCAN_CUBE procedure can be improved as follows :
keep decreasing o, whenever some point p™ lying closer to g
is found. More precisely, if p™ turns out to be in the actual
cube Cy,, then the actual nearest neighbor p is set to be p™
and the new side length « is set to be 2 - ||p™ — ¢l|co. After
this ADAPTIVE SCAN_CUBE procedure has scanned all points,
p is the nearest neighbor of g if the scanned cube is not

empty. We have some evidence that this variant improves
the expected runtime of SCAN_CUBE by a constant factor
but does not change its asymptotic complexity, see also our
experimental comparison in Section 5. The analysis of the
combined procedure is quite involved and currently under
investigation.

3. EXPECTED RUNTIME ANALYSIS

For the analysis of the expected runtime of the algorithm
we investigate the expected number of comparisons of the
algorithm.

Let us first compute the expected number of comparisons
with respect to the SCAN_CUBE procedure. For this we look
at the expected number of tests performed in step (TESTS)
for scanning a cube Cy,q.

Let Y; = Y;(a) be the discrete random variable for the
number of tests performed in step labeled by (TESTS) of
SCAN_CUBE(q, ¢, P) for the point p’ and let Y = Y(a) be
the random variable Y = )7 | ¥;. The expected number of

n

tests performed in step (TESTS) is given by E[Y] = Y~ E[Y;].
i=1

Let Glo = [ =S @+ 5] x - x [ — 5,0 + 5] x

[0,1]*77. For the expected value E[Y;] of the number of
tests with respect to the point p* € P the following holds :

d d
ElY] = Y j-PrlYi=j]=) PrlYi>j]
— —
’ d-1 4 .]
= 1+2Pr[plecfm]7 (1)
i=1

where Pr[Y; > j] is the probability that the while-loop in
(TESTS) is carried out at least j times (1 < j < d). Clearly,
Pr[Y;>1]=1and Pr[Y; > j]=Pr[p € Ci '] (1 <j <
d). Because of uniform distribution Pr[p’ € CJ ,] equals
the volume V' (CJ , N [0,1]*) of the box CJ , N [0,1]%. We
consider the simple case first:
Case Cq,, C[0,1]*: Pr[p' € C} ] =V (C},)=0a’ and
equation (1) implies for each ¢ = {1,... ,n}:
1

E[Yi]=1+a+a2+...+ad_1§m. (2)
The expected number ¢ of points in Cy,o is the product of
V(Cy,o ) with n, thus the side length

1
_ (P\4
a=(%)
should be chosen in this case.

General case: Obviously, the volume of the box Wy o =
Cy.a N[0,1]% is the product of its side lengths. Let s; be the
side length of W, o in coordinate direction j:

sj(a) = min(g; + /2,1) — max(g; — @/2,0)

which can be written as :

! if 0 < a < 2m(gy)
sj(@) = { m(g;) + 5 if 2m(g;) < @ <2 —2m(g;)
1 otherwise

3)

where m(q;) = min(g;, 1 - ).
So the volume of Wy,o is V(Wya) = H?’:l sj(a). We
will not compute a ezactly so that V(Wy,o ) = ¢/n, since



that would involve determining the root of a polynomial of
degree d, which is difficult and time consuming. Instead,
since V (W, ) is monotone increasing in o the procedure
DETERMINE_LENGTH computes some value a with

d
£ < V<Wq,a)=j1‘[lsj<a) <Etlar
by binary search. A detailed analysis shows that a can be
determined by searching the interval [{/¢p/n,2{/¢/n ] in
time O(dlog(dy)). Thus, the DETERMINE_LENGTH proce-
dure determines the side length « of the cube C,, such that
the expected number of points in PN Cyq is ¢’ € [p, o+ 1)
in time O(dlog(dyp)).
For the expected number E[Y;] of tests we get :

-1
+ s
=1

Observe that some of the side lengths of W, , may be close
to 1. To reduce the expected number of tests it is better
to check those coordinates first where the box W, has a
small side length. Let dim : {1,...,d} — {1,...,d} be the
bijection describing the order in which the coordinates will
be checked in step (TESTS). We get

ElY;]=1+s1(a)+...+ [[su(@) +...
=1

d—1
ElY;] = 1+ saimmy(@) + - + [ [ saimay(@).  (5)
=1

We define dim such that

8aim(1) (@) < Saim(2) (@) < -+ < Sgim(a)(@)-

Note that in this case the formula in (5) is minimal over all
possible settings of dim. By formula (3) the following holds
for the side lengths s;(a) :

sj(a) < si(a) <= min(gj,1—q;) <min(q,1—q)

Thus, the increasing order of the side lengths depends only
on the query point g. The corresponding order dim can be
computed once at the beginning in O(dlog d) time.

In order to find a bound for E[Y;] we have to bound the
partial products H{:l Sqim)(a). Let A be the geometric
mean of the side lengths s;(a) j =1,... ,d. We claim that

J
[ saimay(@) <X (6)
=1

Consider m, = [];_, Bj, where 8; = M for j =

,d. We get for some | < d that
0SB <..0<1<Bp1 << Ba

consequently, 1 > my > --- > m < my1 <--- <mg =1 and
therefore 7, < 1 for all 1 < k < d which is equivalent with
inequality (6).

Because of A = {/V(W,,o ) < 1 we get by (6)

1
d— 1<
XN S (7)

Note that A = o if special case Cy,o C [0, 1]¢ holds (see (2)).

T where A = {/V(Wy,a).

EYi]<1+A+X +-

Now we estimate the value of =

LEMMA 1. Let \,L,U € (0,1) with LY¢ < X\ < UY4,
Then the following inequalities hold :

d 1 d

PrOOF. Let 8 =1— A. Then _I“EiL) < ln(l _ /6) < InEiU)
which implies

d 1 d
In (%) < —In(1-7) < In (%)

By Taylor-expansion we have In(1 — 8) = —3 — '8—2517 for
some Eel-4,1]. Obv10usly, ln(l B) < —f which implies

m<5 Th'llS ()

In order to prove the second 1nequali’cy of the lemma we
consider the following cases :

a) Case A <1/2:

This implies ﬁ <2< 2-max {1

i}
*1In(1/U) [

b) Case A > 1/2:
This implies ﬂ < 1/2, thus ¢ > 1 — 8 > 1/2 which

implies —2- L > —28% > —8 and with this

7&

21

(1= ) =~ 5 & > =2

1 d
Therefore T—x < 21n(1/U) <2 max{la ln(l/U)}'
O

Inequations (4) and (7) and Lemma 1 imply that the ex-
pected number of tests E[Y] required to scan the cube can
be bounded as follows:

There is a nonzero probability that the cube Cy o contains
no points of P at all. In this case, the cube-method calls the
brute-force method which has a runtime of ©(nd). We will
now determine the parameter ¢ such that the probability
of this event is so small that it does not effect the total
asymptotic runtime.

The probability that no point of P isin Cy .o is (1 — 5‘7’1—’)"
with ¢’ € [p, p+1). With probability 1 — (1 — 5‘:7’)" there is
at least a point in Cj o and in this case brute-force method
will be called with the set P, of the points in Cy  having
the expected runtime pd. Thus, the expected number T¢ype
of comparisons of the cube-method is given by :

’ /
Towse = E[Y]+(1- %)"nd—l— (1 —1- %)n> -od

m“{z"’ mmﬁ%} *

In order that the expected asymptotic runtime of the brute-
force part of the algorithm does not become worse than the

INA

e nd+ ¢d



runtime required to scan the cube it is sufficient to choose
o such that
nd
< o (9)
In(n/(¢ +1))

(9) is equivalent to ¢ > In In(n/(p + 1)) which is satisfied,
if we choose

e ¥ -nd

@ >Inlinn.

Summarizing, we get

THEOREM 1. Let P be a set of n points from [0,1]*. The
cube method finds the nearest neighbor from P to some query
point g € [0, l]d with an expected asymptotic runtime of
0 (% + n + dlog(dInlnn)) if the points of P are indepen-

dently drawn at random from [0,1]* under uniform distribu-
tion.

4. EXTENSIONS
k-Nearest-Neighbor Search

If the scanned cube Cj, o is empty the alternative to deter-
mining the nearest neighbor by brute-force is to consider a
bigger cube with center ¢ and scan it for points. The size
of the current cube should be increased as long as it con-
tains no points of P. This search algorithm will be called
the growing-cube method.

The growing-cube method can be extended to compute the
k nearest neighbors of the query point ¢ from the point set P.
The extended growing-cube method for k nearest neighbor
search works as follows. The first cube Cy o, around g which
contains an expected number of about k points is scanned
for points. If the cube contains less than k points then a
bigger cube is considered. ¢, is the expected number of
points which are contained in the cube considered in the ¢-th
iteration. The side length a; of this cube Cy o, is determined
as in Section 3 by the procedure DETERMINE_LENGTH. How
to choose an appropriate sequence k < @1 < 2 < ... <
¢ < ... will be shown later. The following gives a schematic
description of the algorithm.

GROWING_CUBE (k, q,P)

t=20; Lo = 0
repeat
t=t+1;

if (¢ < n ) then
@y = DETERMINE_LENGTH( ¢, q);
P, = SCAN_CUBE(y, q, P);
Lt :Lt—l UPL; P:P\Pt,
else Ly =P; Pb=P\ L 1;
until ( || > & );
if (1Le| > k)
m L=L; ;U SELECT(k — |Lt_1|,q, Pt),
else L = Ly;

(SELECT)

The set L contains the k nearest neighbors to be found.
If there were more then k points in L; then in the ¢-th it-
eration there were more points found as needed. We ex-
tract the extra k —|L;_1| nearest neighbors that we actually
need from the set P; by the SELECT-procedure. The proce-
dure SELECT(k', q, P') computes the distances of all points
of P’ to the query g, selects the k' smallest distances and

returns as result the corresponding points from P’. Us-
ing a linear time selection algorithm the running time of
SELECT(K',q, P') is ¢~ d - |P'| for some appropriate constant
c>0.

Let Y be the discrete random variable for the number of
tests performed to scan the cube Cyo,. And let X* be the
discrete random variable for the number |L¢| of points found
in the first ¢ iterations. Let Tscqn be the expected number
of tests required to scan the cubes. In a straightforward
manner it can be shown that E[Y?|X"™" < k] < E[Y?], thus
Tscan is bounded by:

Tocan < Y Pr(X'"'<k)-E[Y'| X' <K
t>1
< Y Pr(X*'<k)- E[Y" (10)
t>1

The expected asymptotic runtime Ts¢; of step (SELECT)
can be bounded as follows:

T < Y Pr(X'"'<k) Pr(X'>k|X"'<k)
t>1
cerd-EB[X'— XX <k, X > k)

where ¢ is the constant of the SELECT-procedure. It can be
proven that

Teer < c-d-) Pr(X"'<k+1) E[X']
t>1

= c-d- Y Pr(X'"'<k+1)- o (11)
t>1

Now we bound the probability Pr(X* < k) using the fol-
lowing theorem (see [5]) which is based on the Chernoff-
Bound technique.

THEOREM 2. [5] Let Z be the discrete variable which
counts the total number of successes by performing n inde-

pendent Bernoulli trials with the success probability p of a
trial. Then

Pr(Z—np>r)< e)‘2‘72/eM

for each A < where 0® = np(1—p) is the variance

of Z.

1
max(p,1-p)

COROLLARY 1. Taking A :=
the bound:

m in Theorem 2 we get

—p2
Pr(Z —np>r) <e®0-p)

2n(1-p)

where 0 <1 < max(p1-p) "

Let N* be the random variable for the number of points
of P within [0,1]?\ CZ,. Thus, N* =n— X! Pr(X' <k)=
Pr(N'>n—k) =Pr(N* >n—k+1) and for p’ € [0,1]¢
the probability p = Pr(p’ € N*) equals 1 — £, Let

r=n—k+l-np=n—-k+1—(n—p)=¢p:t—k+1
Because of

2n(1 —p)

O<r=¢i—k+1<@ =n(l—p)< ———P _
vt < @e=n(l-p) max(p, 1 — p)



we get by Corollary 1 :

Pr(N*>n—k+1) = Pr(N'—np>n—k+1—np)
—r2 —(pr—k+1)?
< etnll-p) =g 4p¢
Because of _(“’#W < -2t 4+ Bl we get
Pr(X' < k) < e~#t/4H(k=D/2 (12)

Note that if ¢; is chosen to grow strictly monotone with ¢
then the repeat-loop in the GROWING-CUBE procedure ter-
minates. We choose ¢ = 2(k — 1) + t. In this case by

(12)
Pr(X! < k) <e /% (13)

Now let us bound E[X?]. Clearly, E[Y"] < nd and by (8)
E[Y?] < max{2n, %}. If ¢y < Vnk then:

nd nd 2nd
In(n/¢:) =~ In(n/vnk) ln(n/k)

Thus, using (10) Tscan can be bounded as follows :

< -1
Tocan <, Pr(X"" <k)-max{2n, o /k)}
et <[ Vnk]
+ > Pr(X"'<k)-nd
‘Pt>[\/ﬁJ
If o > |Vnk| we have —% = —£t 4 &= <—L‘/FJ+%.

k1
It can be shown that L‘/_J ﬂ £ > Inn for n big

enough and k < n/8. In this case, 1f on > [Vnk| then
—% < —Inn. Let t. be the smallest ¢ such that ¢; > |vnk].
Since —£ < —Inn, we have by (13):

> Pr(x"'<k)

I
(]
z
A
=

vt >|Vnk] vt 2| Vnk]
S Z e—t/4 e—t*/ll . 0(1)
t>t,
1
< -0
< 1.on)
Because of (13) we get:
> Pr(X''<k) < ) Pr(X'<k)
et <[Vnk] 20
< >et=0q)
>0

With this we get for k¥ < n/8 Tyean = O (% + n)
Notice that our method is only of interest if k is significantly
smaller then n, since ©(kd) tests are needed in any case and
the brute-force method cannot be beaten asymptotically if
k= 0(n).

The estimation of Ts; in (11) works analogously. We have
by (12) Pr(X! < k+1) < e~ ¢t/4+k/2 For o, = 2(k— 1)+t

we get Pr(X? < k+1) < e #/4t1/2 thus by (11):

Tier < c-d-ZPr(Xt<k+1)-<pt+1
>0
= c-d- Y Pr(X'<k+1) (2k—1+1)
>0
< c-d-Zelﬂ-e*t/‘l-(Zk‘—l—}-t)
>0

Because of 3,5,e”/* = O(1) and Disot: et/ =
get Tser = O(dE).

Analogously, it can be shown that the asymptotic runtime
Tside for the computation of the side lengths of the cubes to
be scanned can be bounded by :

Tyige < Pr(X'™' <k)-cs-d-log(dp:) = O (dlog(kd))
t>1

O(1) we

where cs is the constant of the DETERMINE_LENGTH proce-
dure introduced in Section 3.

THEOREM 3. Let P be a set of n points from [0,1]%. The
growing-cube method finds the k nearest neighbors from P
to some query point q € [0, l]d with an expected asymptotic
runtime of O (% +n+ dk + dlog d) if the points of P
are independently drawn at random from [0,1]% under uni-
form distribution.

Other distributions

Let K = (K1,...,K4) be the random vector for the coordi-
nates of a point p € P and let Fx : R* — [0,1] be the joint
distribution function of the random vector K. We consider
the points from P to be independently drawn at random
under the following distributions:

a) Independent distribution:
The random variables K1, ..., K4 are independent. We have
Fr(21,...,24) = H?:I Fr;(x;), where Fg; is the distribu-
tion function of the random variable Kj.

In this case we have :

J
Pr[p' € C; ] H Fr,(@q + a/2) — Fr, (@1 — a/2) ).

Le’c denote s;(a) = Fk,(q + a/2) — Fg,(q — a/2) for | =

,d. Note that the functions s; : Ry — [0,1] are
contlnuous and monotone increasing in «. This implies
that Hz 1 Si(a) is continuous and monotone increasing in
a. Thus some value o such that

%SPr[piqu,a] Hs]a)<LH<1

could be determined by binary search. For this value o the
expected number of points in Cq, o is ¢’ € [p, p + 1). If the
bijection dim is choosen such that

Sgim(1) (@) < ... < Sgimay (@)

by Lemma 1 we get

n 2nd
E[Y] S m S max{?n, W}

where A = §{/ H?:l sj(a). Analogously, as in Section 3 it
can be shown that the expected number T¢ype of coordinate



tests required by the the cube-method is O(%22 + n). Besides
T.wve the total runtime cube-method includes the costs for
computing the side length o, which depends on the com-
plexity of computing the distribution functions Fk;.

b) Positive-bounded distribution(see [2]):

We say that K = (K1, ..., K ) is positive-bounded over the
bounded, convex open region G if there exists constants
0<Ci <Cysuchthat C; < fr(x) < Crforallz € G\ A
where A has Lebesgue measure m(A) = 0 and fx (z) = 0 for
R? \ G. With other words, Fx has a density with respect
to Lebesgue measure that is bounded above and bounded
below away from zero. The distribution function has the
following property:

C1-V(S) <Pr[z e S]<Cy V(S)

where S C G is a region of volume (measure) V(5).
As mentioned in Section 2 we can assume w.l.o.g. P C

[0,1]¢. For G = (0,1)¢ we get for each point p’ € P
Pr [pi € Cg,a] =Pr [pi € Wg,a]
and therefore,
Ci V(W) <Pr[p' € Cla] <Co V(W)

where the box W , is CJ , N[0, 1]*. Therefore,

J J
Ci-[] sile) <Pr[p' € Ci 1< Co- [] su(e)
=1

=1

where s;(a) is the side length in coordinate direction ! of
Wi, and is given by formula (3). For the side length o and
the bijection dim choosen as in Section 3 we get by (1) and
by Lemma 1:

d—1 d—1
ElY] < Y Pr[peCi.] <3N
j=0 j=0
ZCznd }
< max<¢20m, —————
= { 7 log(n/(p +1))

where A = {/V(W,,.). For the probability of failure we
have Pr(PNCqa = 0) < (1—C1£)" < e~ 1%, For suitable
value of ¢ > c% -In(C3 In n) the expected asymptotic runtime
of the cube-method is O(% +n+dlog(dlnlnn)) if the points
are drawn at random from [0, 1]¢
distribution.

under positive-bounded

5. EXPERIMENTS

For the experiments the data set P was generated in [0, 1]¢
according to the uniform distribution.

Figure 1 shows an experimental comparison of the imple-
mentations of the variants of the algorithm for dimension
d = 100 and sizes of P between 1000 and 10000. adaptcube
and adaptgrow are the variants of the cube-method and of
the growing-cube method, respectively which use the im-
proved ADAPTIVE SCAN_CUBE procedure (see Section 2). The
value on the vertical scale is the factor by which each algo-
rithm is faster then the brute-force method.

Figure 2 shows a comparison of the growing-cube method
for k nearest neighbor search with the brute-force method,
which computes all distances of the points of P to the query
and selects the k smallest distances among them.
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Figure 1: Comparison of the algorithms with the
brute-force method
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Figure 2: Comparison of the growing-cube method
for k nearest neighbor search with the brute-force
method
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